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ABSTRACT. Let A be an annular type domain in R2. Let As be a perforated
domain obtained by punching periodic holes of size § in A; here, ¢ is sufficiently
small. Suppose that J is the class of complex-valued maps in Ag, of modulus
1 on OAs and of degrees 1 on the components of A, respectively 0 on the
boundaries of the holes.

We consider the existence of a minimizer of the Ginzburg-Landau energy

Bxw =5 [(VulP + 50 - [uP)?)
As

among all maps in u € 7.

It turns out that, under appropriate assumptions on A = A(§), existence is
governed by the asymptotic behavior of the H-capacity of Ajs.

When the limit of the capacities is > m, we show that minimizers exist and
that they are, when § — 0, equivalent to minimizers of the same problem in
the subclass of J formed by the S!-valued maps. This result parallels the
one obtained, for a fixed domain, in [3], and reduces homogenization of the
Ginzburg-Landau functional to the one of harmonic maps, already known from

[2].

When the limit is < 7, we prove that, for small d, the minimum is not attained,
and that minimizing sequences develop vortices. In the case of a fixed domain,
this was proved in [1].

1. INTRODUCTION

Let Q, and ©; be two smooth bounded simply connected domains in R? such
that Q; C €,. Consider the annular type domain A = Q, \ Q;. Set T', = 99Q,,
I'; =909;, sothat 0A =T, UT;.

We define a perforated domain Az obtained by “punching” holes of size § in A.
To this end we first introduce a unit periodicity cell V. Let a and b be two linearly
independent vectors in R? and set P = {sa + tb;s,t € (0,1)}. Let U be a smooth
simply connected domain such that U € P. The unit cell is defined as V = P\ U.
Set I' = 0U.
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Consider, for a small number § > 0, a point x5 € R? and define Zs = {m €
Z? ; dm+ x5+ 0P C A}. Then the perforated domain is defined as follows:

(1) As = A\ Upez, (0m + x5 + 6U),
with the boundary
(2) 0As =T, UT; UUpez, (0m + x5 + 0T).

Our goal is to study asymptotic behavior as 6 — 0 and A — oo of solutions
(minimizers) of the following minimization problem:

3) g = Inf{mu) =3 [+ [a-wp?s e J}.
As As

Here, A = A(J) — oo is a Ginzburg-Landau (GL) parameter (the exact relation
between A and § will be specified later), E) is a GL energy functional. The class J
of testing maps is

j{u € H'(As ;C); true HY?(8As ; SY), deg(u,T,)

(4) :
= deg(u,I';) =1, deg(u,dm + x5 + dT') = 0, for any m € Z5}

The degrees here are computed with respect to the direct orientation of the con-
nected components of 0As.

To begin with, we note that the definition of 7 is meaningful. Indeed, if v is
a simple closed curve and u € H'Y?(y ; S'), then u has a degree on v (since
u € VMO(y ; S') and such maps have a degree [10]). If u is a minimizer of (3)-
(4), then actually u € C*°(As) [1], thus for a minimizer, the degree is the classical
winding number.

Recall that, for fixed § and large A, the minimizers of the problem (3)-(4) ex-
ist (subcritical domain) or may not exist (supercritical domain) depending on the
H'-capacity of the domain As [3, 1]. It turns out that asymptotic behavior of
minimizers of (3)-(4) for subcritical domains can be understood by establishing
asymptotic equivalence (see Theorem 1 below) between these minimizers and the
minimizers of the following problem

1
My = Inf{2 / |Vul?; u € H' (A5 ;SY), deg(u,T,) = deg(u,T;) =1,
A

deg(u,dm + x5 + 6I') = 0, for any m € Zg}

The infimum is always attained in (5) [6], Chapter 1. Note that while the variational
problem (3)-(4) is nonlinear, the latter problem (5) has an underlying linear problem
for the phase of the corresponding harmonic maps and therefore is much easier
to analyze both asymptotically and numerically. Indeed homogenization for the
problem (5) as § — 0 has been established in [2], and therefore the above mentioned
asymptotic equivalence provides the homogenization result for (3)-(4).

While the main effort in this work is on establishing the asymptotic equivalence
in the subcritical domains, we also find the asymptotic behavior of the minimizing
sequences for supercritical domains Theorems 2-3.
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In order to state our main result on asymptotic equivalence, we begin with the
following

Proposition 1. There exists %iné Ms =M € (0,400).

Proof. Recall the following ”torsion” problem:

1
Ns = Inf {2/|V¢|2; ¢ € H'(A;5 ;R), ¢r, =1, ép, =0,
A

®|smtas+sr = unknown constant, for any m € Za}

Let Ns be the infimum (actually minimum) in (6). Recall [13] that there exists
lim Ny = N € (0, +00).

1
Problems (5) and (6) are related as follows: we have M;s = 3 / |V®|?, where &
A

solves
Ad =0, in Ag
=0 on I
® = unknown constant on I,
(7) ® = unknown constant on each dm + x5 + o
87@ =27
r, Ov
/ 8—(1):0, for any m € Zs
smtag+sr OV
(see. e.g, Chapter 1 in [6], where it is shown that, if u is a minimizer of (5) and

we write locally u = exp(it)), with ¢ smooth, then ¢ is harmonic. The harmonic
conjugate ® of ¥, a priori only locally defined, turns out to be globally defined and
satisfies (7)). On the other hand, if ¢ is a minimizer of (6), then it is easy to see
that ¢ satisfies:

A¢p =0, in A
¢=0 onI';
(8) p=1 onl, )
¢ = unknown constant on each dm + x5 + 0T
/ %:0, for any m € Z;
Smtas+or OV

Thus ¢ = C'® for some constant C'. Since
1 s 1 [0¢ 1 0 1
N5_§/|V¢| =3 5—5/05—502”7
As T, T,

2

we find that & = qub. Thus My = ]7;—, and the conclusion of the proposition
5 s
follows. g

Remark 1. Nj is the (generalized) H'-capacity of As. Therefore, N may be viewed
as a homogenized H'-capacity.
3
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We now show that the existence of minimizers of (3) is governed by the value of
M (thus by the value of N).

Proposition 2. Assume that M < 2mw. Then, for sufficiently small § > 0, the
infimum mg in (3) is attained.

Proof. For small §, we have Ms < 27. Since test functions for (5) are also test
functions for (3), we find that ms < Ms < 2m. It remains to recall that Proposition
5 in [3] states that if mgs < 27, then my is attained. O

Theorem 1. Assume that M < 27 and that
(H1) lim A(6)6% = oo.

Then:

a) for sufficiently small § > 0, minimizers us of (3) are unique up to a rotation,
i.e., if uf and us are minimizers, then u§ = aus for some o € St.

b) if u® is a minimizer of (5)(a harmonic map), then there is some a5 € S' such
that, as 6 — 0, usg — asu® — 0 both in H'(As) and uniformly in As.

In particular, |us| — 1 uniformly in As, so that us is vortexless for sufficiently
small §.

Corollary 1. The map asus/u’, initially defined in the perforated domain As, has
an extension ws defined in A such that ws — 1 in H'(A).

Remark 2. Clearly, if u minimizes either (3) or (5), then so does au, V a € S, and
therefore one can not hope to ”get rid” of the constant as in the above statements.

Remark 3. With more standard notations, we have A = k? = 1/¢2, where & is the
usual GL parameter and € = 1/k behaves like a length (penetration depth). With
these units, (H1) becomes ¢ < ¢, that is the penetration length is much smaller
then the size of the periodicity cells.

Concerning the case M > 27w, we have the following result, where, presumably
only for technical reasons, we had to replace the rather natural condition (H1) by
a slightly stronger one.

Theorem 2. Assume that M > 27 and (H2) gimo VAS/In X = co. Then there is

some dg such that, for & < &g, ms is not attained.

Remark 4. In terms of ¢, assumption (H2) reads ¢|lne| < §. Thus, (H2) is
satisfied if, e. g., ¢ < C§'*T® for some a > 0.

The next result asserts that, if M > 27 and ¢ is sufficiently small, then minimizing
sequences ”develop exactly two vortices, one near I',,, the other one near I';”. Stated
in this form, the result is not true, since the testing maps are merely H', and there
is no good notion of zero set in this case. In order to have a rigorous result, we
proceed as in [3]. We first regularize a testing map: given v € 7, let u equal v on
0As and minimize the GL energy with respect to its boundary value. Then u is
smooth in Ag; thus its zero set is well-defined, unlike the one v. We call u a quasi-
minimizer. A quasi-minimizing sequence is a sequence {u,} of quasi-minimizers
such that E)(u,) — ms.

Theorem 3. Assume that M > 2w and (Hl)gir% o2 = oco. Let § be sufficiently

small and let {u,} be a quasi-minimizing sequence. Then, for large n, u,, has exactly
4
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two zeroes, one (,, of degree 1 and such that (,, — I';, the other one &,, of degree
—1 and such that &, — T';.

Here, the degree is the degree of u, computed on a small circle around (,,
respectively &, .

Remark 5. Unlike the case of a fixed domain [3], we do not know what happens
when M = 27. The answer seems to depend on whether Mj converges to M from
above or from below.

A word about the proofs. The only part where periodicity comes into the picture
is Proposition 1, which is needed to define the value M. Otherwise, the proofs could
deal with non periodic holes of size §, at distance > C'§ from 0A, of mutual distance
> (4 and of ”uniform geometry” (what this means, it will be clear from Section 2).

2. PROOF OF THEOREM 1 AND OF COROLLARY 1

Outline of the proof. The main part consists in proving that |us| — 1 uniformly
in As as § — 0. To this end, we first prove that such convergence holds ”far
away” from 0As (Step 2); this is an easy consequence of an estimate taken from
[14]. More delicate is convergence "near” 9Ags; this is the core of the proof. In
a slightly different context, a similar situation is considered in [12]. We present
below a different approach (Step 3). Step 1 provides preliminary estimates in Step
3. Once the uniform convergence is known, H' convergence of us/u’ (modulo S!)
is straightforward. Better estimates are obtained in Step 4, using an idea from [15].
These estimates are required in Step 5 (uniform convergence of wugs/ u‘s). The key
ingredients in this part are the fact that the phase of us/u’ satisfies a jacobian type
equation (idea borrowed from [9]) together with some estimate for such equations
[7]. In Step 6, we prove the fundamental estimate |Vus| = o(1/v/)); the proof is
obtained via the analysis of a Gagliardo-Nirenberg type estimate obtained in [5].
Once this estimate is obtained, uniqueness of us modulo S! is well-known (Step 7).

Throughout this section, we assume that the hypotheses of Theorem 1 hold: that
is, M < 27 and lim A% = co. In addition, we assume ¢ sufficiently small, in order

—0

to have existence of wug.
Step 1. Comparison results for M;

With T' = 9U, let d(z) denote the signed distance of a point = to " (d(z) is positive
outside T, negative inside it). Set I'y = {z;d(x) = t}, so that I'g = I'. In what
follows, we suppose that |¢| is sufficiently small.

Let U; be the interior of I'; and let V; = P\Ut. Then U, is simply connected and
it makes sense to consider:

(1) A57t =A \ Umezs (6m + x5 + 5(715);

(ii) the minimization problem
1
(P2) My, = inf {2 [ 1Vulsu e 1 (4587 desu )
S,t
= deg(u,T';) = 1,deg(u,dm + x5 + 6T'+) = 0, for any m € Z(;}

Lemma 1. We have |Ms; — Ms| < C|t| for some C independent of t and §.
5
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Proof. We start by noting that Ms; < C for some C' independent of § and ¢. Indeed,
fix a map u € C°(A;S") such that deg(u,T,) = deg(u,I';) = 1. Then uy,, is a
test function for (P2;). Therefore,

1 1
Ms: < 3 / |Vul? < 3 / |Vu|? = const.
A, A

Returning to the proof, we consider only the case t > 0; the proof of the case
t < 0 is similar.

Let, for x € T, U(x) be the inner normal to T'. If £ > 0 is sufficiently small, then
each y such that |d(y)| < e may be uniquely written as y = z — d(y)7(x) for some
x € I'. We set, for such a y,7(y) = ¥(x). Then y — (y) is smooth. Assume that
t| < £/2. Define ®; : V; — V through the formula

z, ifd(z) > ¢
®y(x) = x+w&’(x), ift <d(z) <e
Clearly, ®; ! is given by
» z, itd(z) > e
O, (2) = w*w’m’ if0<d(z) <e

It is obvious from these two formulae that ®; has the following properties:
(i) ®; = id near OP;
(ii) ®; is an orientation preserving diffeomorphism of T'; into T
(iil) | D®; — id|| < Ct, |D®;* —id|| < Ct, for some C independent of ¢.
With the help of ®;, we may construct a diffeomorphism ®;; of Agﬁt into As by
setting

o x, ifx ¢ Umezé(5m+x5+5vt)
xr) = 1 _ .
() 5m+x5+5©t(5(x—x5)—m), if x € dm+xs + V4
Thus
(1) @5, is a Lipschitz diffeomorphism, with inverse
x, ifxé¢ U,y (6m+xs+6V)
;) (a) = 1 ;

5m+x5+5<1>t_1(g(x—x5)—m), if v € 6m + x5+ 0V

(ii) @5, is an orientation preserving diffeomorphism of ém-+zs+0I'; into dm—+xs+9T.
In addition, ®s ¢ restricted to I', UT'; is the identity map.
(iii) |D®s, —id|| < Ct, HD<I>({t1 —id|| < Ct, for some C > 0 independent of ¢.

If w is a test function for (P2), then uo ®s; is a test function for (P2;). Thus

1 1
My <y [ WP < s+ [1var,
A(;yt Aé

so that
Ms: < (1+ Ct)Ms < Ms + C't.
Similarly, Ms < M;, + C"t. |
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We will need below a version of Lemma 1. Set I'; = {z € A ; dist(z,T,) = ¢},
I'Y = {z € A; dist(z,I;) = €}. Set also A° = {& € A ; dist (z,04) > ¢} and
denote Aj, = Ao N As ;. We note that, if |¢| is sufficiently small, then we have

0A5, =T UTI U () (6m + 5 + 8T,

meEZs

Lemma 2. Let

1
(P2 bty s=int {5 [ 1VuPsu € 14, 58, dega )

Al

= deg(u,l"yla) = 1,deg(u,dm + x5 + 6T+) = 0, for any m € Z5}

Then |Mg, — M;| < C|t| for some C' independent of small t and 4.
The proof, very similar to the one of Lemma 1, is left to the reader.

Step 2. For small ¢, |us| is close to 1 ”far away” from 0A;

We recall the following estimates obtained in [14].

Lemma 3. Let B > 0 be a fized constant. Then, with constants C' = Cy g depending
only on B and on £ € N, a solution u of the Ginzburg—Landau equation —Au =
Au(l — |ul?) in B(0, R) C R? satisfying |u| <1 and the energy estimate

1 2 A 2\2
- Z — <
5 [ P [ a-wp2<s

B(0,R) B(0,R)
satisfies the inequalities
C
D'u(0)] < .
C
ID*(1 = [ul*)(0)] < R
Actually, Lemma 3 was proved in [14] for R = 1; the general case follows by scaling.

Lemma 4. Let t > 0 be sufficiently small and fized. Let p € (0,1). Then, for suf-
ficiently small &, we have |ug| > p in Aﬁit, provided that the hypotheses of Theorem

1 hold.

Proof. If x € As and R = dist(x, 0As), then
1 A
5/|w$+1/u—WW§mgmsa

B(z,R) B(z,R)

for some B independent of x or §. In addition, minimizers of (P1) satisfy |us| < 1
and the Ginzburg-Landau equation [3]. We are in position to apply Lemma 3,
which yields

C
If z € Aj,, then R > t5. Therefore,

O/
1 fus(@)? < 5o

The conclusion of the lemma follows from assumption (H1). O
7
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Step 3. For small 6, |us| is close to 1 in A

Lemma 5. Let C be a smooth annular domain with outer (inner) boundary 7o (7:)-
Letu € CY(C;C) be such that |u| <1inC and pu < |u| <1 0ondC. Here, 0 < p < 1.
Let d, = deg(u/|ul, o), d; = deg(u/|ul|,~;). Then

1
§/|Vu|2 > np?|d, — dy|.
c

b) .f >
z/|2] 1 2] = " Then |Vu| > pu[Vol, [v|
z/p, iz <p

1
1 on 0C, deg(v,v,) = do, deg(v,v;) = d;. It suffices to prove that §/|V’U|2
c

Proof. Set v = f(u), where f(z) = {

Y

m|d, — d;|. This follows from

1 2 1 ov
— > = — _— = —_ .
9) 2/|Vv\ > /Jacv 5 /vx 5, m|d, — d|
c c ac
We used here the degree formula
1 v
d = — —
eg(v,7) Qﬂ/v X 5

~y

where + is positively oriented and v : v — S'. For further use, we note that the
equality

/Jac v = m(deg(v,7,) — deg(v,vi))
c

(and thus the conclusion of Lemma 5) holds if we merely suppose u € H*; see [/]
for details. O

Lemma 6. For sufficiently small § and fived t > 0, we have deg(us/|us|, T¥) =
deg(us/|us|, T%) = 1 and deg(us/|us|, dm + x5+ 6Ty) =0, ¥ m € Zs.
In other words, us/|us| is a test function for (P2}).

Proof. In view of Lemma 4, we may assume the |us| > p on 0Aj ; here, p € (0,1) is
to be chosen later. The set As \TM is a union of disjoint smooth annular domains:
As \TH ={r e A; 0 <dist(z,T,) < dt}
U{zeA; 0< dist(z,Ty) <6t} U | (6m+ 25+ 5(U\D)).

meZs

Applying Lemma 5 to each of these domains, we find that, with v = vs = us/|us|,
we have

1
Ms > ms > 3 / |Vug|? 27‘('“2( Z | deg(v,dm + x5 + 0T;)]

(10) A‘;\A:S,t mess

T dog(v,T%) — 1] + | dog(v, T2 — 1)
8
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Since vs is smooth and of modulus 1 in Af,, we have

(11) deg(vs, %) = deg(vs, T + Z deg(vs,dm + x5 + 6T).

meEZs
Argue by contradiction: assume that one of the equalities stated in the lemma is
false. By (11), there has to be a second equality violated among the ones stated.
Therefore, the right-hand side of (10) is at least 2ru?. We find that Ms > 2mxpu?. If
we pick ¢ sufficiently small and p sufficiently close to 1, this inequality contradicts

the fact that M < 2. O
Lemma 7. We have
. 2\2 _
(12) gl_{%)‘/(l_ lus|")* =0
As
and
. . 2
) pyimey [ ¥ul= 0
A5 \Ais,t

Proof. Fix p € (0,1). For small 6, we have [us| > p in Aj ;. Set vs = us/|us|. Then
1
|Vus| > p|Vus| and 3 / [Vus|® > Mj,. Thus

A
_ 1 2 1t 2 A _ 22
Ms zms =5 | [Vus|” + 3 Vs + 7 [ (1= usl)

AS t As \ A:; + As
271 1 2 A 22

2 WM+ 5 [Vus| t7 (1= Jus|?)".

A5 \Afi,f A(y
The conclusion follows then immediately from Lemma 2. O

Lemma 8. Let C be a chord in the unit disk, C different from a diameter. Let S
be the smallest of the two closed regions delimited by C inside the closed unit disk
D.

Let O be a smooth bounded domain and let g € C*(00;5).

1 A
If uw minimizes the Ginzburg—Landau energy 3 / |Vl + 1 /(1 — |u|*)? among all

o %)
the functions that equal g on O, then u(O) C S.

Proof. We may assume that, for some p € (0,1), we have C = {z € D; Re z = u}
and S = {z € D; Re z > pu}.

We first claim that Re u > 0. Indeed, the map v = |Re u| 4+ ¢ Im u equals g on
00O and has same energy as u. Thus both u and v satisfy the Ginzburg-Landau
equation. It follows that Re u and |Re u| are (real) analytical; therefore, so is
Re u_. Since Re u_ vanishes near 90, we find that Re u_ =0, i. e. Re u > 0.

Let P be the orthogonal projection on S. When z € DN {Re z > 0}, we have

Z, if Rez>p
P(z)=< p+ilm z, ifImz| <+/1—p2andRez<p .

pw+i(sgn Im 2)/1—p?, if [Im z| > /1 —p? and Re z < p

9
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Set w = P ou, which equals g on 0O. Since P is 1-Lipschitz, we have |Vw| < |Vul.
One may easily check that, for = € DN {Re z > 0}, we have |z| < |P(z)| < 1.
Consequently, the GL energy of w is at most the one of w. By minimality of
u, this implies that |u| = |P o u| everywhere, that is, u(O) € SU{z ; |z] =1
and 0 < Re z < p}. If there is some point @ € O such that |u(Q)| = 1 and
0 < Rewu(Q) < p, then @ € O. Thus @ is an interior maximum point for |ul,
which yields |u| = 1 (this is easily seen by applying the maximum principle to the
equation —Alul? = 2\|[ul*(1 — |u|?) — 2|Vu|? satisfied by |u|?). The Ginzburg—
Landau equation implies that u is constant. This contradicts the existence of Q. In
conclusion, u(Q) C S, as stated in the lemma. |

Lemma 9. Let 0 < pu < v < 1. Let U be a smooth bounded simply connected
domain and let g € C*°(9U;C) be such that v < |g| < 1. Let u be a minimizer of
the Ginzburg—Landau energy among all maps that equal g on OU.

There is some € > 0, depending on p and v, but not on U, g or u, such that, if

/|Vu|2 <e, then |u| > p in U.

A variant of Lemma 9, with U a circular annulus, appears in [12]. In our case,
U is supposed simply connected, but otherwise its geometry is arbitrary.

Proof. Let m = min |u|. Assume that m < p, for otherwise we are done. Let
U

m < t < v be a regular value of |u|. Then at least one of the connected components

of the level set {|u| = t}, say 7, encloses a minimum point for |u|. Let O be the

interior of 4. Thus O is a smooth set with boundary v and min |u| = m. By Lemma
o

8, u(7y) is not contained in any zone S delimited by a chord at distance > m from
the origin. Given a point P, € 7, let C' be the chord orthogonal to the segment
0 u(Py), that crosses this segment and is at distance m from the origin. Then there
is some point Py € «y such that u(P,) and u(P;) are separated by C. Since |u(P;)| =
|u(Ps)| = t, this implies that |u(Pr) — u(Pa)| > +/2t(t — m). Let ¢ be a simple arc

on 7y connecting P; to Po. Then |u(P)—u(Ps)| = /—dﬁ </\Vu\ < / |Vul.

|u|=t
The co-area formula yields

s>/|vU|2 /\vuuwuu—/ / Vulde) d

ul=t

/ / Vulde) dt >/\/2tt— ) dt

Hou|=t
We have a contradiction if € < / V/2t(t —m) dt. O
n

We note for further use that, in the above lemma, U need not be smooth. It
near OU.

v
suffices to know that |u| > pt

10
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Lemma 10. Let0 < p<v <1 and B > 0. Let V be a smooth annular domain of
Newtonian capacity > B (this is equivalent to saying that V is conformally equivalent
to {z;1 < |2| < R} for some R such that R < ™/ ).

Let g : 9V — C be a smooth function such that |g| > v and let u minimize the
Ginzburg—Landau energy among all the maps that equal g on 9V. Then there is
some € > 0, depending only on p,v and B, but not on g or u, such that |u| > p

whenever/|Vu|2 <e.
A

Before proceeding to the proof of the lemma, let us note that the following condition
is sufficient in order to have the capacity of V > B: there are two concentric disks
of radii Ry and e™ PR, such that V is contained in the annulus A determined by
the two disks. Indeed, capacity decreases as the domain increases, and the capacity
of Ais B.

In particular, we may apply, for some B independent of sufficiently small ¢ > 0
and 4, the above lemma to each connected component of Ag\Ag,t. Consequently,
Lemma 10 combined with (13) in Lemma 7 and Lemma 4 yields immediately the
following

Lemma 11. We have |us| — 1 uniformly in As as § — 0.

Proof. Let ®~1 be a conformal representation of V into {z;1 < |2| < R}, with
R < N =e¢™/B. Then

27 R 27 R
/(/ [V(uo @) (rew)|dr)2d9 < //T|Vuo ®(re'?)|?drdd In R
01 01 .

- 1nR/|Vu|2 <elR< %
v
Therefore, there is some 6 such that

/R|V(u o ®)(re')|dr < \/2T
1

[u(@(re”)) — u(@(se))| < /5.

We find that

Vr,sell,R].

Since |u(®(Re))| > v, we obtain that |u(®(re'))| > M;—V,
provided ¢ is sufficiently small (depending only on u, v, B).

Let now U = V\{®(re®);r € (1,R)}. Then U is simply connected, since U =
®(B), with B = {2; 1 < |2| < R} \ {re??;r € (1, R)}, which is simply connected.
2u+v

3

vV r,s € [1,R)],

Since clearly |u| > near OU, we are in position to apply Lemma 9 in order

to conclude. O

Step 4. Proof of Theorem 1 b) (the H! part) and of Corollary 1

To summarize, up to now we know that |us| — 1 uniformly on As.
11
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We may write locally «’, which is smooth and of modulus 1, as u® = ei‘/’é, with ¢°
smooth. ¢° is not globally defined; however, its gradient is, since V? = u® x Vu?’.
The fact that u® is a minimizer for (P2) reads [6], Chapter 1

div (V¢?) =0 in A
Vv = on 0As
/V<p5 T =27
(14) T,
/Vap‘s T =27
I;
Vel -7=0 for any m € Zs
Im~+xzs+ol

For small §, the map vs = us/u’ does not vanish, has modulus 1 and degree 0
on each component of dAs. Thus we may write globally us = u®pse’¥s, where
0 < ps < 1 and s is smooth. The fact that (us) is a minimizer for (P1) translates
into [1]

div (p3(Ve® + Vibs)) =0 in As

05

- = A
(15) o " on 945

—Aps = Aps(1 = p3) — ps|Ve® + Vis|*  in As

ps =1 on OA;

The following two results are not optimal, but suffice to our purposes.
C
Lemma 12. We have \Vu‘s\ < 5 for some C independent of small §.

Proof. With the notations in the proof of Proposition 1, we have |[V®| = |[V¢?| =

C

|Vud|, so that the lemma amounts to |[V®| < 5

Given any small number £ > 0 and any integer M, we may cover A5 with a
collection of disks (D;);ecr such that:
(i) for each 4, either D; C As, or D; is centered on 0As;
(ii) the radius r; of the disk D; is bounded from below by c¢;6 and from above by
c20, where ¢1, co > 0 do not depend on small d;
(iii) the disks DY, concentric with the D;’s and twice smaller, cover As;
(iv) for each i such that D; is centered on dAs, D; N As is diffeomgphic to the
half unit disk DN {Im z > 0} through a diffeomorphism ¥; mapping D; N 9As onto
D NR and such that |[D*(¥; — r; 'R;)||p=~ < Ced~* . Here, R; is an appropriate
isometry and C' does not depend on 0 < k < M.

Assume first that D; C As. By standard estimates for harmonic functions, we

C C
have [|[V®|[ 1o (pry < —[|[V®||L2(p,), so that [VO| < 5 on Dy (here, we use (ii) and
; r;

the uniform bound HV<I>||%2(A5) =2Ms < C).
Assume next that the center of D; is on 0As. Provided that, in (iv), € is suffi-
ciently small and M is sufficiently large, we have the following estimate [1 1], Chapter
C
9: |V Lo (prnas) < — VY[ 12(p,nas) for each harmonic function ¢ that vanishes
T T'L
12



Two-parameter homogenization for GL L. Berlyand & P. Mironescu

on D; N 0As. Noting that @ is constant on each component of As ([6], Chapter 1),
we may apply the preceding estimate to ¢ = ® — ®(x;), where z; is the center of

D;, and find as above |V®| < % on DI N As.

Finally, (iii) implies that |[V®| < % in As. O
s ©
Corollary 2. We have [ |Vu’|* < 5

C
Proof. We have /|Vu5|4 < HVU‘SH%M/\VM;\Q < O

Before stating the next result, let us recall that, for small §, we may write us =
0 piths
psu-€ .
2 2 2\2 c
Lemma 13. We have, for small 5, [ (|Vps|® + |Vibs|® + A1 = p5)7) < -

O
As

1 A
Proof. We have E)(us) = B /(|Vp5|2+p§|Vg05+V¢5|2+§(17p§)2) and By (u’) =
As

1
3 / |V@?®|. The inequality Ej(us) < Ex(u’) reads, after some algebraic manipu-

As
lations:

A
(16) [V + [VpsP + 50 - ) +2 [ 3965 Vus < [ AT
As As As

Multiplying by 15 the equation (14) satisfied by V°, we find that /Vgo‘s Vs = 0.

As
Using Cauchy-Schwarz and the fact that ps — 1 uniformly in A5 as § — 0, this
yields, for small ¢:

‘2/ pIV® - Vips| = ‘2/ (P3 — 1)V’ - Vs
A5 A5

(1) .
5 [ Avesk+ 5 [a- v

-2
As As

A

Inserting (17) into (16) and using again the fact that ps — 1, we find, for small ¢,
that

(18) /A (IVps|* + Vs + A1 = p3)?) < C/(l — p3)|Ve° .
5 As

Corollary 2 combined with Cauchy-Schwarz and (18) implies that

A C C
19 [ Vel ek ja- AP <5 IV < 1
As i
5

13
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We may now complete the proof of Theorem 1 b) (the H! part) and Corollary 1:
assumption (H1) and the preceding lemma imply that / (IVps)® + |Vs|?) — 0.
A

)
The extension (s of ps to A with the value 1 satisfies (s —1 — 0 in HY(A) (recall
that ps — 1 uniformly in As). Using a standard extension result, we may extend
s to a map ns in A such that Vs — 0 in L2(A). Let as be the average of 75 on A.
Then ns —as — 0 in H(A). Setting a5 = €% and ws = @5(se", we then clearly
have ws — 1 in H!(A) and, in As, ws = agu—i. This implies both Theorem 1 b)
u
and Corollary 1. O

Step 5. Proof of Theorem 1 b) (uniform convergence part)

By (15), the smooth vector field X = p2(V¢? + Vips) satisfies div X = 0. Thus,
we may write (at least locally) X = (0H/0y, —0H/0x) for some smooth H = H;.
The condition X -v = 0 on A, implies ([6], Chapter 1) that H is single-valued and
constant on each component of 0Ay.

On the other hand, the fact that ps; — 1 uniformly in As implies that, for small 6,

1
we have §|Vg05 + Vips| < |[VH| < 2|V¢°® + Vips|. Using the identity
Vus|? = [Vps|? + 05|V + Vs |,
we find that

(20) /\VHP <C.
As

We may rewrite the equation div X =0 as
Avps = As +div Vo = =2/psVps - (Vibs + V).
In terms of H, this may be reformulated as

(21) Aty = v(g) x VH.

Ps
This equation is complemented with the Neumann condition 9vs/0v = 0 on 9As.
We next recall the following result (due to Choné and quoted in [7])

Ap=VuxVuv inQ

Lemma 14. Let ¢ solve . Here,
Op/ov =0 on 99

(i) 2 is a smooth bounded domain in R?;

(ii) u,v € H;

(#4i) u is constant on each component of ON).
Then, with some constant C' > 0 independent of Q2 and for some ¢ € R (depending
on @), we have

(22) = cllL=() < C(HVUH%Q(Q) + ||VU||%2(Q))~

Before going further, let us note that one may transform the additive estimate
(22) into a multiplicative one. Indeed, if we replace u, v by tu, t~'v, for arbitrary
t > 0, this will not affect the equation satisfied by . If we write (22) for tu, t~1v,
then minimize over ¢, we find

(23) lp = cll L= (@) < 2C|VullL2(0) Vvl L2 ()-
14



Two-parameter homogenization for GL L. Berlyand & P. Mironescu

Applying this estimate to the equation (21) (note that (i4i) in the above lemma
1
comes from the fact that — = 1 on 9As) and using Lemma 13 and (20), we find,

s
with ¢ = c5, that |[1)s — c5]| o (a,) — 0. On the other hand, Corollary 1 implies that
s — as|lL2(as) — 0. We easily obtain that |[¢s — as||L(a,) — 0, which implies
Theorem 1 b) (uniform convergence part). O

Step 6. Pointwise estimates for Vug

We rely on the following Gagliardo-Nirenberg type estimate established in the Ap-
pendix of [5]

Lemma 15. Let Q be a smooth bounded domain in R?. If u € C*(Q) and u =0 on

0Q, then ||Vu| gy < CQ||uH1L/£(Q)||Au||2Q(Q). Here, Cq depends on ), but not
on u.

Of especial interest to us is the dependence of Cp on 2. An inspection of the
proof of the above lemma in [5] shows that Cq depends only on the geometry of
Q. More specifically, let £ be sufficiently small, M € N be sufficiently large. Then
there is some r = rq such that we may cover Q with disks D; of radius 7 and:

(i) for each 14, either D; C Q, or D; is centered on 0€;

(ii) the disks Dy, concentric with the D;’s and twice smaller, cover €2;

(iii) for each ¢ such that D; is centered on 992, D; N is diffeomorphic to the half
unit disk DN {Im 2 > 0} through a diffeomorphism ¥; mapping D; N9 onto DNR
and such that ||D*(U; —r~1R;)| 1~ < Cer=* . Here, R; is an appropriate isometry
and C' does not depend on 0 < k < M.

Then Cq depends only on r. If we consider the scaled domains Q = Qs = 6! As,
we may clearly pick an rq satisfying (i)-(iii) and independent of small 6. Thus, we

may choose a constant C' independent of small § such that, for any u € C?(6-1A)
such that u = 0 on (6~ As), we have

1/2 1/2
(24) IV ull o 51 a5y < Cllull 2 50, 1 AUl 2 5200,

On the other hand, the estimate in Lemma 15 is scale invariant, that is, Ciyq = Cq,
t > 0. Thus, with C independent of small J, we have

1/2 1/2 -
(25)  |IVullpe(a,) < C||uHL/OC(A6)||Au||L/w(A5)7 u € C*(A5), u=0on dAs.

Recalling the equation (15) satisfied by ps and Lemma 12, we find, with the help
of (25) applied to u =1 — ps, that

1

VA
1

Lemma 16. We have ||[V)5][poo(a,) < 0(5 + vp(sLoo(A(s)), with C' independent

of small .

(26) 19 sl =) = ( n ||vwa||Loo<A5>) as 6 0,

Proof. The idea is to estimate rather VH than V. It suffices to prove, with C
independent of small §, the following inequality:

1
(27) IVH| Lo (a;) < 0(5 + ”vPé”L‘X’(As))'
15
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Recall that V? + Vs = — (0H /0y, —0H/dx). This implies that H satisfies the

1
&
equation div (1/p3VH) = 0. On the other hand, recall that H is constant on each
component of dAs. The degree conditions on us on dA; together with the preceding

discussion imply that H is solution of

AH =2p;'Vps - VH in A;
H = const. on each component of 9As
o _,
ov T
" om
— =2
/ v T
" oH
/ — =0 for each m € Zs
ov
om~+zs+mI

Note that H achieves its minimum only on I'; and its maximum only on I',; this
1
is a consequence of the equation div (QVH ) = 0, complemented by Neumann

5
conditions, satisfied by H. By adding an appropriate constant to H, we may further
assume that min H = Hp, = 0.
We first claim that H is bounded independently of small 6. Indeed, by (20), we

have 1 oOH 1 1
— H—:—/—2|VH|2§C’.
2m ov 27 ) p;
T, As
We next split H = Hy + Hs, where H; is harmonic and agrees with H on 0As. We
first note that, by (20), we have

/\VH1I2 < /|VH|2 <C.
A5 A5

The proof of Lemma 12 implies that

max H = Hp, =

C

5

On the other hand, |Hy| < |Hy| + H < 2|[H|| g a,;) < C. Therefore, estimate (25)
applied to Hs yields

(28) IVH: || <

1/2 1/2
IV Ho|| oo (ay) < CIUVHIZ 4 V06112 4,

1 1/2 12
< (5 + IVHRI2 0 ) I90S1

so that
1
29) IV Halleag < € (5 + osllmiay ).
We conclude by combining (28) to (29). O

Lemma 12, Lemma 16 and (26) imply immediately the following pointwise esti-
mate:

1
30 Vus|| oo =o| — as  — 0.
(30 I9uslicag = o 5 )
16
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Step 7. Uniqueness (modulo S') of us for small §

The proof in [17], which yields uniqueness for the Dirichlet problem (see also [16],
Chapter 8 and [15]), adapts to minimizers of (3). The key ingredients are the
inequality ||Vus||zea,) = o(1/v/A) and the fact that p; — 1 uniformly in As as
d — 0. As proved in [1], unde these two hypotheses, if § is sufficiently small and
us, us minimize (3), then there is some a € S! such that uj = aus. O

3. PROOF OF THEOREM 3

We essentialy follow [3]. The main step consists in proving that the energy and
the zeroes of u,, concentrate "near” 0A.
We start by recalling the following upper bound for mgs [3]

Lemma 17. We have mgs < 27.

Without loss in generality, we may assume that a quasi-minimizing sequence
{u,} satisfies E(u,) < 27 + e~*. This energy bound, together with Lemma 3
implies, as in the proof of Lemma 4, that, for each p € (0,1) and sufficiently small
t > 0, we have

(31) lun| > p in Ay, n €N, § small.

Lemma 18. For sufficiently small § and t, we have

IV (un/[un])|? = Ctdeg? (un/|un| , dm + x5 + 6T),
{z€As; dt<dist(z,0m+zs+60)<25t}

with C' independent of 4, t and m € Zs.

Proof. By scale invariance, we may assume that 6 = 1, x5 = 0, m = 0. Let v be the
S!-valued map obtained by rescaling u, /|u,|. The map x — f(x) :=dist(x,T) is,
near I', smooth and has gradient of modulus 1. The co-area formula implies that

2t
(32) / |Vol? ://|W|2d12ds.
t T,

{t<f(z)<2t}
On the other hand, we have, for each s € (¢, 2t),
deg (v, T's) = deg (un/|un|, 0m + xs + 0Ty) :=d.

1 T,
d2:47T2</v>< T) 7'4 2|/|v 12d e,

s

Since

(32) implies that

o > Ct

d* > Ctd®.
T min{|Ty|; t<s<2t}

{t<f(z)<2t}

The analog of Lemma 6 is

Lemma 19. For sufficiently small § andt > 0 and for sufficiently large n, the map
Uy /|un| has degree O on each component of Ay,

17
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Proof. In view of (31), we may assume the |u,| > p on 0Ag,; here, p € (0,1)
is to be chosen later. As in the proof of Lemma 6, Lemma 5 implies that, with
vV = Uy, = Uy /|ug|, we have

21 + e~ zmﬁ( Z |deg(v, m + x5 + 6T;)| + |deg(v, T%¢) — 1

meZs

Sty A 232 Nj 2\’
+ldeg(u. %) = 1)+ 2 [0 = a2+ £ [ [0l
Aj

As

(33)

If all the terms containing degrees vanish, then v is a test function for (P2}). Thus
(by Lemma 2) the last integral in (33) is larger than 2w + e~*, provided p is
sufficiently close to 1 and d,¢ are sufficiently small. Therefore, there has to be a
term containing a degree that does not vanish (and therefore a second one, by the
proof of Lemma 6). We easily find that, for small 6 and ¢, exactly two of these
terms equal 1, all the others vanish. It follows, in addition, that

(34)  lm (A/(l— lunl?)? + / |V(un/|un|)|2> ~ 0 uniformly in n.
A,

5

In view of the preceding discussion, we are done if we prove that, for small § and ¢,
we have deg(u,/|un|, ') =deg(u, /|u,|, T) = 0.
We start by noting that, for small § and ¢ and for each m € Zs, we have

deg (un/|tun|, dm + x5 + 6T¢) = 0.

This follows immediately by combining Lemma 18 to (34).

In view of the balancing condition (11), this leaves us with two possibilities, for
small ¢ and ¢ and possibly after passing to a subsequence in §: either the degrees on
% and I‘ft equal 0, or they equal 2. If we rule out the second possibility, then we
are done. Argue by contradiction and assume that the degrees are 2. Then, in A:s,tv
Un/|un| is a test function for a problem (P}), similar to (P2}), but this time with
degrees 2 instead of 1 on I'*? and I'. It turns out that the energy of this problem
is four times the one of (P2}). (Indeed, it is easy to see that, if v minimizes (P2}),
then v? minimizes (P/’). On the other hand, we have |Vv?| = 4|Vv|?). In view of
Lemma 2, we find that

1
liminf / IVt un )| > AM > 0.

AS 4
This contradicts (34). O
Lemma 20. For small t, we have:
oy [ et [ wwren
{z€A ; dist(z,I's)<dt} {z€A ; dist(z,I';)<5t}
b) lim / |Vu,|? =0;
5—0
A(;t
lim A [ (1 — |un|?)® =0;
o) tim A [ (1= fu)? =0,
A

d) |un| — 1 uniformly, as & — 0, in A,
18
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Proof. By Lemma 5 and Lemma 19, we have

lim inf \Vau,|* >,

6—0

{z€A ; dist(z,[',) <t}

and a similar estimate holds for the second integral in a). The upper bound
Ex(u,) < 27 + e~ implies a), b) and c¢). d) is a consequence of b) and of Lemma,

10. O

As explained in [3], the information contained in Lemma 20 yield the conclusion
of Theorem 3. In [3], the domain considered is fixed, but the proof there applies
with no changes to our situation. O

4. PROOF OF THEOREM 2

Outline of the proof. We argue by contradiction and assume that, for small 4,
the minimum is attained in (3). We consider, for such §, a minimizer u. Recalling
the upper bound ms < 27, we have E)(u) < 27. In Step 3, we prove that this upper
bound implies that ”far away” from 0A, w is "almost” constant. In the case of a
fixed domain, this was proved in [41]; here, we use an alternative approach. Steps 1
and 2 provide preliminary estimates needed in Step 3. In Step 5, we prove that the
energy of a map which is almost constant far away from 0A is, for small 4, strictly
larger than 27r. Thus, the minimum is not attained in (3). The method comes from
[1]. The technical part needed in the proof is adapted to our situation in Step 4.

We will use (H2) in the following equivalent form: for each C, K,a > 0, we have
Ke—CoVA < A7 for sufficiently small 6.

Step 1. Estimates for small energy solutions of the GL equation

To start with, we recall the following result [5]
Lemma 21. Let A > 1 and let p satisfy —Ap = Ap(1 — p?) — f in D(0,1/3), with
0<p<landf>0. Then1— p*(z) < %Hf”Loo(D), |z| < 1/4, where C does not
depend on f or p.

We will need the following quantitative version of Lemma 3

Lemma 22. Let u be a solution of the GL equation —Au = Au(1— |u|?) in D(0, R)
satisfying:

(i) A\R? > 1;

(ii) the energy bound Ey(u) = K? < 1/VAR2.

Then there is some €, independent of u, K, A\ or R, such that, if u satisfies in
addition

(iii) 1 — e < [u| < 1,

K
then [Vu(0)| < % and 1 — |u(0)]? <
Here, C does not depend on u, K or \.

CK?
AR

Proof. We may assume R = 1; the general case follows by scaling. Throughout the
proof, C, C’ will denote universal constants.
Let ¢ > 0 to be fixed later. We write, in D, u = pe’®, with 1 —¢ < p < 1 and ¢
smooth.

19
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We start by exploiting the equation satisfied by ¢. By Fubini, there is some
r € (3/4,1) such that the restriction v of u to C(0,r) satisfies || V|| L2(c(0,r)) < CK.
Then the restriction 1 of ¢ to C(0,) satisfies |Vol[z2(c(,ry) < C'K. Let @ be the
harmonic extension of ¢ to D(0,r). Since ¢ satisfies div(p?*V¢) = 0, we find that

A¢ =div ((1 — p*)Vyp) in D(0,7)

. Thus
¢=0 on C(0,7)

¢ := ¢ — ® is solution of {

V<l Ls @0, < CIA = p*)Veollamiory) < 2Ce(||IVE|| Lm0, + VRl za(0,)))-

Here, C' is independent of r (this follows from the scale invariance of the preceding
estimate). If ¢ is sufficiently small, we find that [|[V{|| a0,y < C'[V|lLam(0,))-
On the other hand, we have

1
G S — / q>H < [Pl e
H3/2(D(0,7))

w2
D(0,r)

V| Lamo,ry) < C

here, C, C" are independent of r € (3/4, 1), by scale invariance. By choice of r, we
find that

(35) Vol Lao,3/4)) < CK.

We now turn to the equation —Ap = Ap(1 — p)? — p|V|? satisfied by p. By
Fubini, there is some r € (2/3,3/4) such that / (IVp* + X1 — p*H)?) < CK>.

c(0,r)
For such r, we have
op , 1/2 / , 12 g2
36 1—p)=—| < 1-— < .
@ | [a-ngel<( [ a-0) voP) <S5
c(0,r) C(0,r) C(0,r)

We multiply by 1— p the equation of p and integrate it over D(0, 7). Using Cauchy-
Schwarz and assuming ¢ sufficiently small, we find, with the help of (35) and (36),

that
dp
[oa-@rawit<- [ a-pf+ [ a-pwer
D(0,r) C(0,r) D(0,r)
37
(37) CK? ) 99  CK*
<—+3 (1—=p7)"+
VA2 A
D(0,r)
K4 2
In view of the energy bound K? < 1/v/X < 1, we find that ~ < \?/\’ so that
(38)
18PN 2m(0,ry) < N / (1= ") + IVel Lo, < CK*VA+ CK* < C'K*VA.
D(0,r)

Returning to (37), we obtain also
CK?
N

(39) / V2 <
D(0,r)

The standard estimate

IVollLemo,1/2)) < ColllVollL2mo,2/3)) + 1Al L20,2/3))): 1 <p < o0,
20
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yields, with the help of (38), (39) and of the fact that A > 1,
(40) IVollzr(o,1/2)) < C,KV, 1<p< .
We next return to the equation Agp = —2p~'Vp - Vy satisfied by ¢. In view of
(35) and (40), we have |[Ap||Lan(o,1/2)) < CeK2VA, ¢ < 4. The estimate
Vol e mo,1/3)) < ColllVellLzmo,1/2)) + 1A¢lLa(o,1/2)))s ¢ > 2,
implies that
(41) IVl Lo mo,1/3)) < CK.

We are now in position to apply Lemma 21 and infer, with the help of (41) and of
the equation satisfied by p, that

2

(42) 1-p*< KT D(0,1/4).

Thus || Ap|| (0,174 < CK>. Finally, the estimate
IVollemo.1/8) < CUIVPlL2m(0.1/2)) + 120l Lo (0(0,1/4)))
implies that
(43) IVollLem0,1/8)) < CK.
We conclude by combining (41), (42) and (43). O

Step 2. Concentration of the energy near 0A

In the remaining part of the proof, v is a minimizer of (3).
Recall that A" = {z € A ; dist(z,04) > t}.

Lemma 23. There is some sufficiently large C such that, for small §, we have:
(i) ul > 1/2 in AC/VA;

(i1) deg(u/|u], TE"Y™) =deg(u/|ul, T/) = 0.

Proof. (i) is a consequence of Lemma 3 and of Lemma 20 d). In order to obtain (ii),
we rely on Lemma 19. By homotopy invariance of the degree, we have, for small

t > 0 and ¢, that deg(u/|u|,Foc/ﬁ):deg(u/\uLth) = 0, and a similar equality
holds for the inner boundary T';. O

Recall that we set A, = {x € Ay ; dist(z,04) > td}.

Lemma 24. Lett > 0 be sufficiently small and let a > 0. Then, for small §, we
have

/ (V> + M1 = |[u]?)?) < A7
AL,

Proof. Throughout the proof, C'; will denote a constant independent of § or u. Let
f(s) = f(s,0) be the energy of u in A® N As, that is

=5 [ 1w+ [ a-up

AsNAs AsNAs
21
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We will consider only s < tod, with sufficiently small ¢q. Since, near 0 A, the distance
to 0A is smooth and has gradient of modulus 1, we have

1 A
Fo=-5 [ 1veP-g [ a-np
rsurs rsurs

(this follows from the co-area formula). Let C' be as in the preceding lemma and
let C/vVX < s <tyd. By (9), we have
| fox o
or|

/ |Vu|222 |Jacu|>’/u><

As\As As\As

Since u € J, we have

On the other hand, since |u| > 1/2 in A® N As and the degrees of u/|u| on each
component of J(A* N As) equal zero, we may write, globally in A% N As, u = pe®®,
with 1/2 < p <1, p and ¢ smooth. Thus

ou [ ,0p 2 Jp
/“Xaf_ P ar /(p 1)87'
2

s
o o o

We find that

y 12 1/2 1/2 2
| / 4= ( F[(fl)?) ( / vel) <o F[(ﬁl)?) ([rvue) s

° ° rs
a similar estimate holds for I'y. We obtain
(44)

/ Vul? > 47 — cl( / (? - 1)2)1/2< / |Vu|2)1/2 > dr+ 02\%(3).

Ag\As TsUTS rsurs

On the other hand, we have
1 1 A
(45) 2m > Ex(u) = 5 / Vul? + 3 / Vul? + /(1 — |u?)2.
Ag\AS ASNA; As
Caf'(s)
VA

s €5V C2 f () is non-increasing in [C/V/X, to0]. Since f(s) < Ex(u) < 27, we
find that

(46) f(s) < F(C/VN)eC/VAIVNCog=sVN[C2 < Cue=sVA/C2 - if Of\/X < 5 < t0.
The conclusion of the lemma follows by taking, in (46), s = té and using (H2). O

By combining (44) to (45), we find that f(s) + < 0. Equivalently, the map

Step 3. u is almost constant far away from 0A;s

Lemma 25. Let a > 0. Then, for small t and § and for any x € Aiit’ we have
|Vu(z)| < A7% and 1 — |u(x)]? < A7,
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Proof. We apply Lemma 22 in B(x,t§/2). The upper bound in Lemma 24 (with ¢
replaced by t/2) yields immediately the desired conclusion. O

Recall that we may write, for small § and ¢, u = pe’® in A¥ with 1/2 < p <1
and smooth p and ¢.

Lemma 26. There is some b = b(u) such that, for small § and t and fived a > 0,
we have | —b| <A™ in A,

Proof. There is some C independent of §, ¢ such that two points z,y in Ag}t can be

connected by a path v contained in Aj, and of length < C. Since [p(z) — ¢(y)| <

C'length(y) sup [Vu|, the conclusion follows then from the bound |Vu| < A™% in
2t

Aj 45 it suffices to take b = p(x), where z is any point in Ag ,. O
Setting a = a(u) = €'®, we find immediately from Lemma 25 and Lemma 26

that

(47) |u—allp=ay ) <A™"  for small 6.

Lemma 27. Lett > 0 be sufficiently small and let a > 0. Then, for small §, we
have /(1 —Juff)? <A
As

Proof. Tt suffices to combine (45) to (44). The desired conclusion follows with the
help of Lemma 25. g

Step 4. An auxiliary linear problem

We adapt here the main idea in [1] to our situation. We fix ¢ > 0 and let r; =
r;(0) = jcd, j = 1,2; here, ¢ is sufficiently small. Let g € H'/2((0,27);S") be

2r-periodic. We may identify this map with an H'/?-map on S! and compute its
27

degree. We assume in what follows that deg(g, (0,27)) = 1 and Im (/g(@)d@) =0

0
(in this section, such a g will be called admissible).

We consider the following class £ = L, of test maps w, consisting of complex-valued
H'-maps defined in (0,73) x (0,27) and defined by the constraints

L=A{w; w(re,0) =g(f) a. e.,w is 2m — periodic in 0}.

For w € L, consider the energy

T2 27 T1 27
1
F(w) = /dr/d9|Vw|2 + /dr/da<’2‘(Re w1 = 5o w)2>,
0 0 0 0

and the associated minimization problem
(48) (P,) Ry, :=min{F,(w) ; we L}
Lemma 28. Assume that (H3) girré Vi /Inp = oo. Then there is some &y inde-

pendent of the admissible map g such that, for § < o, we have R, > .
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Proof. Let w € L. We may extend w by symmetry with respect to r to (—rg,0) x
(0,27). The new map, still denoted w, satisfies

(49) w(*re,0) = g(f) a. e., w is 2w — periodic in 6.

1
We have F,(w) = iGu(w)v where

T2 2 1 27
1
Go(w) = /dr/d0|Vw|2+ / dr/w(gmew—l)?_zuam w)2).
—7r2 0 —7r 0

1
Thus R, > -Su, where S, is the minimum of G/, over all the maps w defined

in (—re,re) % (0,27) satisfying (49). We are bound to prove that S, > 27 for
small 0. The value of S, is explicitely computed in [1]; in particular, S, (thus R,,)
is attained if g < 1. As explained there, for ¢ < 1 we have S, > 27 for each
admissible g provided that the following condition (which is independent of g) is
satisfied:

(50) ab < g, ¥ neN,

with
ok = 1—+/1—p~In=2 tanh(r;\/n? — p=1)
1+ /1 —p n=2 tanh(riy/n? — p=1)

and

g — V14 pn=2 tanh(ri/n? +p) — 1
" 1+ pn~2 tanh(ri/n2 + p) + 1

Inequality (50) is proved in [1] for fixed r; and large p. It still holds under our
assumptions, but the argument is slightly more involved. Set

x=ak :=+/1—p"tn=2 tanh(ri\/n? — p=1)
y=y" =14 un=2 tanh(ri/n?+ p) ’

1- -1
We have to prove that T T < Tl which amounts to zy > 1.

Noting that n > 1, we easily see that, for 4 > 4 (and thus, for small §) we have
V1= p=n=2\/1+pn=2 > \/1+ un=2/2, and this for each n € N*.
On the other hand, the map tanh is increasing. Since, on the one hand, we have

Vvni+p > Lz\/ﬁ and, on the other hand, for p > 4/3 and n > 1 we have

n
Vn2—pt > 50 We obtain, for large u, the inequality

xy >z =2k = +/1+ pun=2/2 tanh(rin/2) tanh(ri(n + /1)/2).

It suffices thus to prove that z > 1 for small 4.

1
Recalling that r1 = ¢§ and assumption (H3), we may write no_ amn

2 " Vi

a = a(r1) — oo as 11 — 0. On the other hand, set b = b(n,pu) = \%, so that
m

, Where

n = by/p. Substituting r1/2 and n into the expression of z, we see that we have to
prove that

1
(51) X=Xlr:=4/1+ W tanh(ab Inp) tanh(ablnp +a Inp) > 1
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provided p and a are sufficiently large.

We distinguish three cases: (i) b < 1/v/2 and ablnp < 1, (i) b < 1/4/2 and
ablnp > 1 and (iii) b > 1/v/2. In what follows, C; denotes a universal constant.

In case (i), we have:

1 4
> L.
Vit
o tanh(abInyu) > Crab Iny;
e tanh(ablnp+alnp) > tanh(a lnw).

Thus X > C1Csa Inp tanh(a In ) > 1 for large a and p.
In case (ii), we rely on:
1
1+ — 2;
+ 5 > V2;

e tanh(ab Inpu) > tanh 1;
e tanh(ablnpu+alny) > tanh(a lnp).
Thus X > v/2 tanh 1 tanh(a Inx) > 1 for large a and p (here, we use v/2 tanh 1 >
1).

In case (iii), we use the inequality

2
tanhxz>1——, x>0
ew
together with:
/ 1 Cs
e tanh(ablnp +alnp) > tanh(ab Inp).
We obtain
Cs 2 \° Cs 4
o (10 2) (1 22) o (D) (- e
Cs 4 4C;5 '
> 1+b72 B eablnu - bzeablnp,
272

b
Setting ¢ = a Inu, we have e®®m# > CT Thus, clearly, X > 1 for large ¢ (and

therefore, for large a and p). O

Step 5. Ej(u) > 2x for large A

We follow closely [1]. Let R be such that A is conformally equivalent to A :=
D(0,R) \ D(0,1/R) and let ® : A — A be a conformal representation such that
®(T',) = C(0,R) and ®(T;) = C(0,1/R). Set v =uo0® "1 : ®(A5) — C. In ®(As),
v satisfies —Av = Ag(z)v(1 — |v|?), where g = Jac ®~! is bounded from above and
below (note that g does not depend on ).

Let « be the constant in (47). We multiply by In % the equation of v and integrate

over {z ; R—c16 < |z| < R}. Here, ¢; > 0 is fixed sufficiently small in order to
have ®~1(C(0, R — ¢19)) C A, for some small fixed ¢. As in [1], we find, with the
help of Lemma 25, Lemma 27 and (47), that, for each a > 0, we have

(52) ‘ / vdl — 2T R

C(0,R)

< A™* for small §;
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a similar estimate holds for / vdl. As explained in [1], (52) together with

C(0,1/R)
Lemma 25 imply that we may find for some appropriate 5 € S' such that

(53) Im ( / 6vd£> ~0

C(0,R)

and, for small fixed co,c3 > 0,
(54)
[1—pu(z)] <A™ |V(Bv) <A™° for R — c20/ < |z] < R — ¢36 and small 4.

Similarly, one may find v € S* such that yv satisfies similar estimates near C(0,1/R).
We assume henceforth that = 1. This does not affect the generality, since, if u
minimizes (3), then so does Su.

We set w(r,0) = v(exp(r+1In R—2cd+1i6)), 0 <r < 2c¢d, 0 <6 < 2x; here, ¢ > 0 is
to be fixed later. As explained in [1], if ¢ is fixed sufficiently small, then (54) implies
that, with small fixed ¢4, c5 > 0, we have

1 A
CONE / (I0P + 50 - PP = P o)
®-1({z ; R—c46<]|z|<R})
here, F), is the energy considered in Step 4.
Clearly, w is 27-periodic in 6 and, if we set g(#) = v(Re'), then g has degree 1. On
the other hand, if \ satisfies (H2), then p := csA satisfies (H3). In view of Lemma
28 and of (55), we find that

N

A
|Vu|? + 5(1 - |u|2)2) >
®-1({z ; R—c46<|z|<R})
for small 4. Similarly, we have

1 A
B / <|Vu|2 + 5(1 - |u|2)2> > 7.
B-1({= ; 1/R<|2|<1/Recso})

Provided we choose ¢4, ¢g sufficiently small, we have
O r{z; R—cd < |zl <RHN® ({2 ; 1/R < |z| < 1/R+ cs6}) = 0.

We find that, for small §, we have E(u) > 27. This completes the proof of Theorem
2. O
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